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The exam paper has 7 parts on 1 page, with a full score of 100 points. You are
required to use the given Examination Book only.

Instructions for Candidates
Full marks will be awarded for complete answer to any six parts of all questions.
Instructions for Invigilators

Candidates are allowed to use non-programmable calculators during this examination.
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Part 1:

(1) Let R be a transitive relation on a set A. Prove that Ro R is also a
transitive relation.

(2) Let R be a reflexive relation on a set A. Suppose that for any
(a,b) € R,(b,c) € R, we always have (c,a) € R. Prove that R is an

equivalence relation on A.
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Part2: Let A ={1,2,3,4,5,6,7,8,9,10} and let R be a relation on the set
A x A defined by (a,b)R(c,d) iff a+d=b+c

(1) Provethat R isan equivalence relation

(2) Compute the equivalence class [(2,5)|r

Part 3:
(1) Compute the Principle Conjunctive Normal Form of

(P> -Q) = (@ -R)),
(2) Compute the Prenex Normal Form of

Vy(EIzA(:::,y, z))V 3zB(x, z)) — =JzC(x,y)

Part 4: Let G be afinite group. Suppose that G is not a commutative group.
Prove that the order of G is greater than five.

Part5: Let (G, ) beagroup and let (H, ), (K, *) be two subgroup of (G, *).
We denote HK, K H to be the following two sets:

HK ={h*klh € H k€ K}, KH ={kxhlk e K,h € H}
Prove that (H K, ) isasubgroup of (G, «) ifandonlyif HK = KH

Part 6: Let G be a simple bipartite graph. Denote e to be the number of all edges
of G and denote © to be the number of all vertices of G . Prove that
1

e < —v? ifvis even; e < —(-3:2 —1) if v is odd

Part 7: Let G be a simple connected planar graph. Denote e to be the number of
all edges of G and denote © to be the number of all vertices of G . Suppose that

k(v—2
each face of G has at least k edges. Prove that € < S;U_Q )




