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Instructions for Candidates

Answer ALL questions. The marks that each question carry is written as shown.

BJUT Student ID: UCD Student ID:

| have read and clearly understand the Examination Rules of both Beijing University of
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Instructions for Invigilators
Non-programmable calculators are permitted. NO dictionaries are permitted.
No rough-work paper is to be provided for candidates.



SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.
Circle the preferred choice on the Examination Book provided.

This section is worth a total of 30 marks, with each question worth 3 marks.

T -y 4z = =2,
. For a linear system y —2z = 2, determine the number of its solution(s).
—T z = 0,
(a) unique solution; (b) two solutions; (c) inconsistent; (d) infinitely many solutions.

. Let I be an n X n unit matrix, and A an n x n matrix satisfying A2 + A +1 = O. Then A~ is

(a) —(A+1); (b) A+1I; (c) A-I; (d) —(A-1).

. If three n x n matrices A, B and C satisfy AB = BA and AC = CA, then we have ABC =

(a) ACB; (b) CBA,; (c) BCA,; (d) CAB.

. Given that

1 5 -1 9
1 —2 1 —4
+ —3 —

—3 8 ~1 8
1 9 3 1

5 =3 9 1
-2 3 -4 ! B 1
8 -3 8 O I
9 9 1 ‘ 1
(a) (1717_1); (b) (1737—1); (C) (_1737 1); (d) (_17171)‘
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. Let A4j be the cofactor of asj, j =1,2,3,4. Then if

-1 1
9 27
9 =27
7 8

try to determine the value of a = .

(a) 1;

ail a2
. If det az1 a22

az;  as2

(a) —12;

. A matrix A = (

(a) k#—1;

ais
a23

ass

k—1
2

Ag + aAoy + a2A34 + a3A44 =0 and

(b) 3; (c) 5;
daiy 2a11 — 3a12
=1, try to compute det | 4aqy; 2a91 — 3a99
daz1  2a31 — 3az

(b) 12; (c) —24;
2 . . . .
L1 ) is nonsingular, if and only if
(b) k # 3; (c) k# —1 and k # 3;

a> 0,

(d) 7
ais
a3 =
ass

(d) 24

(d) k# —1or k # 3.

T T T
.Giventhreevectorsv1=<1 1 2) ,V2:<2 2 4) ,V3:(0 0 1) , determine if vy,

vy and vj are linearly independent or not, and choose a basis for the space they span.

(a)
(b)
)
)

a) linearly independent, and a basis is {v1,va, v3};
b) linearly dependent, and a basis is {vi, vs};

(c) linearly dependent, and a basis is {vi, va};

(d) linearly independent, and a basis is {va,v3}.
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9. Cryptography: Scherlock Holmes, a great detective, wished to send a message to the police to report

a murderer’s name.
e First, he used the following alphabet-number table

AB C D E F G H I J K L M N
6 7 8 9 10 16 17 18 19 20 1 2 3 4
O P Q R S T U V W X Y Z space

5 11 12 13 14 15 27 26 25 24 23 22 21

to encode a message into a string of 4 numbers, to form a column matrix M.

e Second, he used two scramblers (i.e., two invertible matrices) A; and As

$ 000 1000
0100 0 001
0 010 0 010
0 001 01 00
to encrypt M to be
10
y 1
A AWM =M = . (1)
8
6

Then the numbers {10, 1, 8,6} were safely transmitted to the police.

Now, try to use A, As and M’ to recover the original message, to find out the name of the murderer.

(a) Jock; (b) Jane; (c) John; (d) Jack.

10. Let A be a 3 x 3 matrix. If A has the function

a1 a2 a3 a1l —3a31 aiz2 —3az2 a1z — 3a33
Al ao1 ax a3 | = as ag ass :
az1 asz2 as3 asy as2 ass
try to determine A =
1 0 0 1 0 -3 1 0 1 01
(a) 010 [; m] o1 o [; ()] 01 ; Ao 10
-3 0 1 0 0 1 1 0 0 0 1
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Examination Book provided. Only brief answers are needed.

This section is worth a total of 20 marks, with each question worth 4 marks.

Suppose that A and B are two 3 X 3 matrices, with
1
det A =2, dethi.

Compute det (—ZABT) =

Let A be an orthogonal matrix,

By definition, we immediately have the inverse A~! =

Given that
1 2 31 230 1 6 4 1
10 1 2 102 2 | 1 4 -4
0 11 2 1 00 -1 ]| | 8 -1 |’
00 1 3 1 2 -1 17 1
try to compute
21 1 3 1 21 1 3 2
30 0 1 o | 30 0 1 o
0 2 0 2 T 0 2 0 2 0|
1 2 -1 -1 P 1 2 -1 -1 1

Consider a 5 x b matrix A, with five eigenvalues Ay =1, X =2, A3=3, A\ =4 and \s = 5.
Try to evaluate the trace: Tr A=

Consider a 5 x 5 matrix A, with five eigenvalues Ay =1, A =2, A3=3, Ay =4 and A5 =5.

If A is invertible, try to evaluate the determinant: det A~! =
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Examination Book provided.

This section is worth a total of 50 marks. The marks of each question are as shown.

16. (10 marks) Use three methods to solve the following linear system:

(a) row operations;

(b) inverse of the coefficient matrix, i.e., Z = M1

()0

(c) the Cramer’s rule.

-1 0
2 1

2
4

T

(1)

Y

17. (10 marks) Simply the following matrix, i.e., compute every entry of the matrix:

0 11 0 -1 0 0 -1 0 0
+ -1 -1 1 - -1 -1 +10 11 — 0
0 11 0 11 11 -1
1 11 1 -1 0 1 -1 0 1
- 0 -1 1 + 0 -1 - 1 11 +11
-1 11 -1 11 -1 11 0
1 01 1 0 0 1 00 1
+ 0 -1 1 - 0 -1 + 1 01 -1
-1 01 -1 01 -1 0 1 0
1 0 1 1 0 -1 0 -1 1 0
- 0 -1 -1 + 0 -1 -1 - 0 1 +11 0
-1 0 1 -1 0 1 -1 0 1 0 -1
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1 2 3 4
18. (8 marks) (Elementary matrices) A transformation, say, < - > — ( - >,can be realized

by multiplying an elementary matrix, like:

()G

Find appropriate elementary matrices to realize the following transformations:

1 2 7 8 1 2 1 2 1 2 21
3 4 5 6 3 4 0 -2 3 4 4 3
(a) — ) (b) — ’ (C) —
5 6 3 4 5 6 5 6 5 6 6 5
7 8 1 2 7 8 7 8 78 8 7
19. (8 marks)
(a) Use the geometric meaning of the following matrix to compute its power (5 marks)
15
1 V3
V3 o1 '
(b) The Fibonacci sequence are the numbers in the following integer sequence: (8 marks)

1, 1,2, 3,5, 8, 13, 21, 34, 55, 89, 144, ---

Denoting the i*" Fibonacci number as Fj, this sequence can be generated by the following

recursive relation:
Foio=Fpi1 + F, with initial numbers F} = F5 = 1.

Try to express this recursive relation in terms of matrices, i.e., to find a matrix M such that

Frio Yy Frp
Fn+1 Fn

111
20. (14 marks) Let A be the matrix A= | 1 1 1 |. Use matrix diagonalization to prove
1 11
An =374, where n € Z, n > 0.
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