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SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.
Circle the preferred choice on the Examination Book provided.

This section is worth a total of 20 marks, with each question worth 4 marks.

1. Let ¥ be a plane in 3 dimensions, as shown below. Let a, b and v be three non-zero vectors in X:

a=(a ay as)’,b=(by by b3)" and v = (v; vy v3)", where a and v are collinear, a || v.
b
‘::::::::::——*v

Which of the following statements is CORRECT?

(a) a, b and v are linearly independent.

(b) a € span{v}, but a ¢ span{b,v}.

(c) X, as a 2-dimensional sub-space, can be generated by {a, b}.
)

(d) X can be generated by {a,v}.

2. Consider the vectors a, b and v in Question 1. Which of the following statements is CORRECT?

a1 by U1
x
(a) For the linear system | ay by = | vy |, the unknowns z # 0 and y = 0.
Y
ag bs v3
ar v by
x
(b) For the linear system | ay vy = | by |, the solution x =0 and y # 0.
Y
as U3 b3

(c¢) For the linear system za + yv = b, the unknowns z = 0 and y # 0.

(d) None of the above is correct.
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3. Let I be an identity matrix, and A an n x n matrix satisfying A> = A — I. Then A~ is

(a) —A—1I; (b) A+ I; (c) A—1I; (d) —A+1.

4. Let A and B be two invertible n x n matrices. Which of the following statements are always true?

(a) (AB)* = A2B?, (c) (A+ B)> = A2 + 2AB + B?,

(b) det(—AB) = — det(AB); (d) Tr(AB~Y) = Tr(B~tA).

5. Let A be a 3 x 3 matrix. If

a1l ai2 a13 a1 a12 ai3
Al a1 aze ass | = | a1 —3as1 ax —3ase a3 —3ass |,
a3y asz2 ass as1 a32 ass3
try to determine A =
1 0 0 1 0 0 1 0 0 1 -3 0
@ o 10 |; M)l o1 =3 |; o =3 1 0 |; @flo 10
0 -3 1 0 0 1 0 0 1 0 0 1
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Examination Book provided. Only brief answers are needed.

This section is worth a total of 40 marks, with each question worth 4 marks.

ail a2 aiz ai4

G21 @22 Q23 G24 . .
6. Let M = be a 4 x 4 matrix, with det M = 7. Let A;; be the cofactor of

asz1r G32 G33 (34

aq1 Q42 Q43 Q44
the entry a;j;, 1,7 = 1,2, 3,4. Compute the following matrix multiplication:

Ay Ay Ay Ay asy ail a1 a41
Ayp A Az Ay agz a1z a2 G4 |
Agy Agp Asz Ay asy a13 a3 43
Az1 Aszp Aszz Az az4 Q14 Q24 Q44

7. A square matrix A is idempotent if A2 = A. If A is a non-zero idempotent matrix find all values

of k such that (I — kA) is also idempotent.

k=

8. Consider the matrix

2 4 1
-1 1 -2
A= , rank A =
1 1 1
-1 -3 0

9. Consider the vectorsa=2i—j,b=1—j — k and ¢ = —¢ — 3k.

a-(bxe)=
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10.

11.

12.

13.

14.

15.
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Consider an n x n diagonalisable matrix with characteristic polynomial
) =A=' A =2°(A=3)* (A - 4).

What is the value of n?

Find the eigenvalues A1 and A9 of the matrix

cos —sinf
A= , 0<O<2r.
sin cos

A, A2 =

A matrix A has an eigenvector v; = with eigenvalue 3, and an eigenvector vy =
1

with eigenvalue —2.

4
Find A? =
3
Consider a 2 x 2 matrix A which satisfies Tr A = 3 and det A = 2.

Find the eigenvalues of A:

Find an elementary matrix E which realises the following transformation:

3 2 3 2
4 1 4 1
o
4 7 -5 1
7 3 7 3
E—
Consider the matrix
0 0 c
A= 0 b 0
a 0 O

If A is an orthogonal matrix, find the values of a, b and ¢:
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Examination Book provided.

This section is worth a total of 40 marks. The marks of each question are as shown.

16. (7 marks) Try to find M !, where the matrix M is given by

3 2 1 -3 -1 4 -3 -1 4 -3 -1 4

+ -1 2 =2 - -1 2 =2 +| 3 2 1 - 3 2 1

-3 -1 -1 -3 -1 -1 -3 -1 -1 -1 2 =2

-3 2 1 3 -1 4 3 -1 4 3 -1 4

- 3 2 =2 +3 2 =2 - -3 2 1 +| -3 2 1

. 2 -1 -1 2 -1 -1 2 -1 -1 3 2 =2

M=z

-3 3 1 3 -3 4 3 -3 4 3 -3 4

+ 3 -1 -2 -3 -1 =2 +| -3 3 1 - =3 3 1

2 -3 -1 2 -3 -1 2 -3 -1 3 -1 -2

-3 3 2 3 -3 -1 3 -3 -1 3 -3 -1

-1 3 -1 2 +/3 -1 2 -1 -3 3 2 +| -3 3 2

2 -3 -1 2 -3 -1 2 -3 -1 3 -1 2
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17. (9 marks) Use three methods to solve the following linear system:

10 T 1
1 2 Y )
(a) row operations; (8 marks)
x
(b) inverse of coefficient matrix, i.e., z = M ~'b, where & = and b = ;i (3 marks)

(c) Cramer’s rule. (3 marks)

18. (10 marks) The Taylor series of an exponential function e® is given by

1 1 1
o _ - on _ a2 a3
e —Zn!a —1+a+2!a +3!a+ ,
n=0

where a € R. Replacing o with an n X n matrix A, we have a similar formula

1 1 1
et=) A" =T+ A+ AT A4
n! 2! 3!
n=0
Try to prove: If A is diagonalisable, then
In [det (eA)] =Tr A, In — natural logarithm.

*Hint: Take benefit of the following formulae

In(AB)=InA+mnB, In(e?)=A4.

19. (14 marks) Consider the matrix

1 11
A= -1 1 1
1 11

Use the method of matrix diagonalization to show that

An+1 — A" = 2n—1(A2 . A) )
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Glossary

Adjoint matrix P Bt P
Characteristic polynomial N2 T
Coefficient R
Cofactor (ANt
Collinear JLZ
Cramer’s rule O SRR
Diagonalizable AL AL
Diagonalization XAk
Eigenvalue AAE{E
Eigenvector ARAER =
Elementary matrix IE SRt
Exponential function EiER R
Generate A
Idempotent EXAE
Invertible CIpU]
Linearly dependent LA, 2Rt
Linearly independent 5 lacy/ VA
Logarithm PR
Orthogonal 1ExE

Rank iR

Row operations ITHAE
Span A

Taylor series T IIEA A

Unknown AR FNEL





