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SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.

Circle the preferred choice on the Examination Book provided.

This section is worth a total of 30 marks, with each question worth 3 marks.

1. For a linear system


x −y +z = −2,

y −2z = 1,

−x z = −1,

determine the number of its solution(s):

(a) inconsistent; (b) unique solution; (c) two solutions; (d) infinitely many solutions.

2. A matrix M =

(
1 k − 2

k − 2 1

)
is nonsingular, if and only if

(a) k = 1; (b) k = 3; (c) k 6= 1 or k 6= 3; (d) k 6= 1 and k 6= 3.

3. For a matrix A =


1 1 2

2 2 4

0 0 −1

0 0 5

, we have rankA = .

(a) 1; (b) 2; (c) 3; (d) 4.

4. Supposing A and B are two 3× 3 matrices, with

detA = 2, detB =
1

3
,

we have det
(
−2ABT

)
= .

(a) 4
3 ; (b) −48; (c) −4

3 ; (d) −16
3 .

5. Let I be an identity matrix, and A an n× n matrix satisfying A2 = A+ I. Then A−1 is

(a) −A− I; (b) A+ I; (c) A− I; (d) −A+ I.
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6. Let A and B be two n× n matrices. Which of the following statements holds true for always?

(a) (AB)2 = A2B2; (b) (A+B)2 = A2 + 2AB +B2; (c) A
BB = A; (d) Tr(AB) = Tr(BA).

7. Given that 
1

1

−3

+


5

−2

8

− 3


−1

1

−1

 =


9

−4

8


try to solve the unknowns (x, y, z) in the equation

3 1 9

−3 1 −4

3 −3 8




x

y

z

 =


−5

2

−8


(a) (1, 1,−1); (b) (1, 1,−3); (c) (1, 3, 1); (d) (1,−1,−1).

8. Let A be an n× n matrix. Let λ be an eigenvalue of A, with ~v the eigenvector corresponding to λ.

Then which of the following is an eigenvalue of Am? (m ∈ Z, m ≥ 1)

(a) λ; (b) λ−m; (c) λm; (d) λm−1.

9. Given

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ = 1, compute

∣∣∣∣∣∣∣∣
3a11 2a11 −a12 + a13

3a21 2a21 −a22 + a23

3a31 2a31 −a32 + a33

∣∣∣∣∣∣∣∣ = .

(a) 0; (b) 2; (c) 3; (d) 6.

10. Let A be a 3× 3 matrix. If

A


a11 a12 a13

a21 a22 a23

a31 a32 a33

 =


a11 a12 a13

a21 − 3a31 a22 − 3a32 a23 − 3a33

a31 a32 a33

 ,

try to determine A = .

(a)


1 0 0

0 1 0

0 −3 1

; (b)


1 0 0

0 1 −3

0 0 1

; (c)


1 0 0

−3 1 0

0 0 1

; (d)


1 −3 0

0 1 0

0 0 1

.
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Examination Book provided. Only brief answers are needed.

This section is worth a total of 20 marks, with each question worth 4 marks.

11. Consider an invertible matrix M =

(
a11 a12

a21 a22

)
. Let Aij be the cofactor of aij , i, j = 1, 2. Then:

(a) a11A11 + a12A12 = ,

(b) a11A21 + a12A22 = .

12. Consider a 5 × 5 matrix A, with five eigenvalues λ1 = 1, λ2 = 2, λ3 = 3, λ4 = 4 and λ5 = 5.

Try to evaluate the trace: TrA = .

13. Given that 
7 11 5 2

0 −1 4 3

−3 7 13 1

2 −2 0 1




1 0 −1 2

0 −1 1 0

3 2 11 7

9 −1 0 1

 =


40 −3 59 51

39 6 43 31

45 18 153 86

11 1 −4 5


try to compute 

1 0 3 9

0 −1 2 −1

−1 1 11 0

2 0 7 1




7 −3 2

11 7 −2

5 13 0

2 1 1

 = .
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14. Let A be an orthogonal matrix,

A =
1

2


1 −1 1 1

1 1 1 −1

−1 1 1 1

1 1 −1 1

 .

By definition, we immediately have its inverse A−1 = .

15. The Fibonacci sequence are the numbers in the following integer sequence:

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, · · · .

Denoting the ith Fibonacci number as Fi, this sequence can be generated by the following recursive

relation:

Fn+2 = Fn+1 + Fn, with initial numbers F1 = F2 = 1, and n ∈ Z, n ≥ 0.

This recursive relation can be expressed in terms of a matrix M ,(
Fn+2

Fn+1

)
= M

(
Fn+1

Fn

)
, thus

(
Fn+1

Fn

)
= Mn

(
F1

F0

)
, where n ≥ 0.

This matrix M is given by M = .
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Examination Book provided.

This section is worth a total of 50 marks. The marks of each question are as shown.

16. (9 marks) Use three methods to solve the following linear system:

(a) row operations; (3 marks)

(b) inverse of the coefficient matrix, i.e., ~x = M−1~b ; (3 marks)

(c) the Cramer’s rule. (3 marks)(
1 0

2 1

)(
x

y

)
=

(
3

4

)
.

17. (7 marks) (Elementary matrices) A transformation, for instance,

(
1 2

3 4

)
−→

(
1 2

−3 −4

)
,

can be realized by left-multiplying an elementary matrix as(
1 0

0 −1

)(
1 2

3 4

)
=

(
1 2

−3 −4

)
.

(a) Find appropriate elementary matrices to realize the following transformation: (3 marks)
1 2

3 4

5 6

7 8

 −→


7 8

5 6

3 4

1 2


(b) Try to write out the lower-upper (LU) decomposition of the following matrix A, i.e., try to

LU-decompose the matrix A: (4 marks)

A =


1 3 4

0 1 0

0 2 1

 .
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18. (9 marks)

(a) Evaluate the following power of matrix: (3 marks)

A2019 =


√
3
2 −1

2

1
2

√
3
2


2019

.

(b) Evaluate the following power of matrix: (6 marks)

B2019 =


5 −10 5

3 −6 3

2 −4 2


2019

.

*Hint: Try to write this matrix B as a column matrix times a row matrix.

19. (12 marks) Let M be a 4× 4 matrix,

M =


1 0 1 −2

0 2 −1 0

1 0 −2 1

−1 2 0 −1

 .

Compute the following adjoint of adjoint matrix:

adj (adjM) .

20. (13 marks) Use the method of matrix diagonalization to find the following power of matrix A:

A10 =


1 0 0

0 0 1

0 1 0


10

.
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Glossary 

Adjoint	matrix	 	<,;	

Coefficient	 0"	

Column	matrix	 �,;	

Cramer’s	rule	 
2�'�	

Determinant	 3��	

Diagonalization	 �4�	

Eigenvalue	 %��	

Eigenvector	 %�+:	

Elementary	matrix	 �/,;	

Fibonacci	sequence	 #(9�"�	

Identity	(matrix)	 �/�,;�	

Inconsistent	 $5��*�	

Inverse	 7�,;�	

Invertible	 �7	

Linearly	dependent	 1�*��1��6	

Linearly	independent	 1�).	

Lower-upper	decomposition	 ���5	

Nonsingular	 =��	

Orthogonal	 &�	

Rank	 -	

Recursive	relation	 8 �0	

Row	operations	 3!
	

Unique	 ��	

	


