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SECTION A — MULTIPLE-CHOICE QUESTIONS

Each question has only ONE correct solution.

Write your answers on the Examination Book provided.

This section is worth 24 marks in total, with each question worth 4 marks.

1. Let

A =

0

B@
a1 a2 a3

a4 a5 a6

a7 a8 a9

1

CA , B =

0

B@
b1 b2 b3

b4 b5 b6

b7 b8 b9

1

CA , C =

0

B@
a1 + b1 a2 + b2 a3 + b3

a4 + b4 a5 + b5 a6 + b6

a7 + b7 a8 + b8 a9 + b9

1

CA .

Consider two formulae:

P1: A+B = C, 8ai, bi 2 R;

P2: detA+ detB = det (A+B), 8ai, bi 2 R.

Determine which of the following statements is correct.

(a) P1 and P2 are both true. (b) P1 is true but P2 is false.

(c) P1 is false but P2 is true. (d) P1 and P2 are both false.

2. Which of the following is an elementary matrix?

(a)

0

B@
1 0 0

0 1 0

0 0 2

1

CA (b)

0

B@
1 0 0

0 0 0

0 0 1

1

CA (c)

0

B@
0 0 0

0 0 0

0 0 0

1

CA (d)

0

B@
1 0 0

0 1 1

0 1 1

1

CA

3. Let A be a 3⇥ 3 matrix, and � its unique eigenvalue, � 6= 0.

Determine which of the following statements is FALSE.

(a) The matrix 2�I �A is invertible.

(b) The rank of �I �A must be zero.

(c) detA = �

3.

(d) Let x be an eigenvector. Then Ax = �x as a linear system must have infinitely many solutions.
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4. Let A be a real symmetric matrix. Which of the following statements is NOT correct?

(a) A is positive definite, if and only if every eigenvalues of A is positive.

(b) A is positive definite, if and only if xT
Ax > 0 for all x 2 Rm and x 6= 0.

(c) A is positive definite, if and only if xT
Ax � 0 for all x 2 Rm.

(d) A is positive definite, if there exists an orthogonal matrix P such that A = P

T
DP , with D a

diagonal matrix with all the diagonal entries being positive real numbers.

5. Let �1 and �2 be two distinct eigenvalues of a square matrix A, and v1 and v2 the corresponding

eigenvectors, respectively. Determine which of the following statements is CORRECT.

(a) v1 and v2 must be linear independent.

(b) v1 and v2 must be linear dependent.

(c) Unable to determine the linear dependence/independence of v1 and v2.

(d) None of above.

6. Consider an arbitrary matrix A =

" 
v1

!  
v2

!
· · ·
 
vn

!#
, where vj , j = 1, · · · , n, are the column

vectors of A. Letting b be a column vector with constant entries, we can use A and b to construct a

linear system Ax = b, where x is the vector of unknowns.

Then, if the v1,v2, · · · ,vn are linearly independent, which of the following statements is CORRECT?

(a) The linear system has at most one solution.

(b) The linear system has at least one solution.

(c) The linear system has exactly one solution.

(d) None of the above is correct.
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Examination Book provided. Only brief answers are needed.

This section is worth a total of 35 marks, with each question worth 5 marks.

7. Consider the following vectors in three dimensions:

a = i� j � k, b = �2i+ 2k, c = i+ j + �k.

If they are linearly dependent, the value of the constant � = .

8. Let f(x) =

�������

0 1 0

x 9 �3

1 5 1

�������
. The derivative of f(x) is given by f

0(x) = .

9. Let A be a square matrix and � its eigenvalue. If A2 = 0, then � = .

10. Let E1, E2, E3 be three elementary matrices, and A be a 3 ⇥ 3 matrix. If E1E2E3A =

0

B@
1 0 0

0 1 0

0 2 0

1

CA,

then rankA = .

11. For A =

0

B@
2 0 0

0 1 1

0 0 1

1

CA, try to find

A

�1 = , detA = , adjA = .

12. Consider a determinant

�������

3 2 1

�3 5 9

4 2 �6

�������
. Let A21, A22 and A23 denote the cofactors of the entries

a21 = �3, a22 = 5 and a23 = 9, respectively. Try to compute 3A21 � 2A22 +A23 = .

13. Compute the power A =

 
cos ⇡

3 sin ⇡
3

� sin ⇡
3 cos ⇡

3

!2021

= .
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Examination Book provided.

This section is worth a total of 41 marks. The marks of each question are as shown.

14. (6 marks) Let ↵1, ↵2, ↵3 be three linearly independent vectors. Determine the linear depen-

dence/independence of ↵1 +↵2, ↵2 +↵3 and ↵3 +↵1, and prove your conclusion.

15. (7 marks) Consider a linear system about three unknowns x1, x2 and x3,

8
><

>:

a11x1 + a12x2 + a13x3 = b1,

a21x1 + a22x2 + a23x3 = b2,

a31x1 + a32x2 + a33x3 = b3,

where aij ’s and bi’s are constants.

If

0

B@
a13

a23

a33

1

CA =

0

B@
b1

b2

b3

1

CA, and the matrix

0

B@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1

CA =

0

B@
a11 a12 b1

a21 a22 b2

a31 a32 b3

1

CA is non-singular, try to

solve the unknowns x1, x2 and x3.

Requirement: Express your answer in numbers.

16. (9 marks) For A =

0

B@
2 2 0

�2 0 1

2 4 3

1

CA, perform the LU-decomposition,

A = LU,

where L and U are, respectively, a lower and an upper triangular matrix, with all the diagonal entries

of U being 1.
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17. (8 marks) Let An denote the n⇥ n determinant

An =

������������

1 1 1 · · · 1

1 a1 0 · · · 0

1 0 a2 · · · 0

· · · · · · · · · · · · · · ·
1 0 0 · · · an�1

������������

where ai 6= 0 and ai 6= 1 for i = 1, 2, · · · , n. Answer the following questions.

(a) Show that for every n > 2,

An = an�1An�1 � a1a2 · · · an�2.

(b) Calculate the value of A2.

(c) Use the method of mathematical induction to prove

An = a1a2 · · · an�1

 
1�

n�1X

i=1

1

ai

!
, 8n � 2.

18. (11 marks) Let A =

0

B@
2 0 0

0 2 1

0 1 2

1

CA.

(a) Calculate the eigenvalues and the corresponding eigenvectors.

Requirement: The norms of the eigenvectors should be 1.

(b) Find an orthogonal matrix P and a diagonal matrix D such that A = PDP

T where the diagonal

entries of D should be sorted descend from top left to bottom right.
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